We investigate current-current correlations of adiabatic charge pumping through interacting quantum dots weakly coupled to reservoirs. To calculate the zero-frequency noise for a time-dependently driven system, possibly in the presence of an additional dc bias, we perform within a real-time diagrammatic approach a perturbative expansion in the tunnel coupling to the reservoirs in leading and next-to-leading order. We apply this formalism to study the adiabatic correction to the zerofrequency noise, i.e., the pumping noise, in the case of a single-level quantum dot charge pump. If no stationary bias is applied, the adiabatic correction shows Coulomb-interaction-induced deviations from the fluctuation-dissipation theorem. Furthermore, we show that the adiabatic correction to the Fano factor carries information about the coupling asymmetry and is independent of the choice of the pumping parameters. When including a time-dependent finite bias, we find that there can be pumping noise even if there is zero adiabatically pumped charge. The pumping noise also indicates the respective direction of the bias-induced current and the pumping current.
I. INTRODUCTION
Transport through mesoscopic systems, such as quantum dots, can be achieved through a periodic timedependent modulation of the system. This is referred to as pumping. In the regime of adiabatic pumping, the modulation is slow, such that the system can almost immediately follow the driving. A directed transport through quantum dots in the absence of a stationary bias (or, alternatively, also an additional pumping contribution on top of or opposite to transport due to a stationary bias) is then possible only if there are at least two independent pumping parameters at work.
1-6
Adiabatic charge pumping offers the possiblity of a controlled emission of one charge per cycle, useful as a quantum standard for the current or as a coherent particle source for quantum operations. [7] [8] [9] [10] [11] [12] [13] In addition to the current signal, knowledge about the noise created during a pumping cycle is vitally important, for instance in metrology to investigate the quantization limitations of the pump, [14] [15] [16] and also as a tool to detect signatures for emission of coherent electron packets.
17,18
Recently there has also been strong interest in pumping due to quantum-interference effects, [19] [20] [21] [22] [23] where the pumped charge is not quantized. In this context it has been shown that the pumped charge may be used as a spectroscopic tool that reveals features beyond timeindependent measurements.
24-26
Another powerful tool for an extended transport spectroscopy is the transport noise. In this manuscript, we aim to identify additional spectroscopy features in the pumping noise. In the time-independent case with an external bias, there are two system-intrinsic noise contributions, namely thermal (Johnson-Nyquist) and shot
FIG. 1. Energy diagram of a single-level quantum dot attached to two leads via tunneling barriers. A symmetric voltage bias (with respect to the equilibrium chemical potential, see horizontal line) can be applied across the system and the energy level, the bias and the coupling strength may be chosen time dependent. Time-dependent charging and uncharging of the system goes along with a time-dependent difference between the currents flowing into the leads.
noise, where the latter can help to determine the nature of the charge carriers and their statistics. Various theoretical and experimental works dealt with the study of noise in stationary transport. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] For a timedependently driven system an additional pumping noise emerges. 40 For different types of time-dependent driving, noise and the full counting statistics has been investigated theoretically, [41] [42] [43] [44] [45] [46] [47] and has been proposed as a measure of quantum effects. 17, [48] [49] [50] [51] [52] The theoretical investigation of finite-frequency correlation functions in quantum dots driven by a time-dependent gate contacted to a single lead [53] [54] [55] reveal information on the charge relaxation resistance. 56, 57 Recently, also experiments measuring noise in time-dependently driven systems were performed.
18,58

arXiv:1212.3545v2 [cond-mat.mes-hall] 4 Jun 2013
When considering quantum pumps realized in small quantum dots, Coulomb interaction between electrons on the dot becomes important, due to the small capacitance of strongly confined systems. The impact of Coulomb interaction on the transport behavior of adiabatic pumps has recently been studied in various setups and regimes. [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] In particular, it has been shown that adiabatic quantum pumps can reveal characteristic fingerprints of the electron-electron interaction, such as interaction-induced renormalization effects, 24 and the impact of interactions on the relaxation rates of the dot charge. 25 Also the noise in stationary systems is sensitive to Coulomb interaction effects, see, e.g., Ref. 69 where super-Poissonian shot noise is observed in a Coulomb blockade regime due to inelastic spin-flip processes. The study of the noise in time-dependently driven quantum dots with strong electron-electron interaction has not been addressed so far. Here, we aim to close this gap, and include the Coulomb interaction with arbitrary strength. Based on new noise features, we extend the possibilities of spectroscopy and find signals that give evidence of the underlying pumping mechanism.
In this paper we derive a formalism to compute the zero-frequency noise for adiabatically driven quantum systems, based on a real-time diagrammatic approach that enables us to include an arbitrary Coulomb interaction strength and non-equilibrium due to a bias and due to time-dependent driving. 70, 71 This general real-time formalism has previously been the basis for the development of a method to calculate the zero-frequency noise in a strongly interacting quantum dot system driven by a stationary bias 69 and for the development of a method to calculate charge and spin transport in quantum dot systems with a slow time-dependent driving.
24,72
We implement the formal results of the method developed here to study the pumping noise for the simplest generic model, a single-level quantum dot coupled to two leads, taking into account Coulomb interaction, for a wide range of possible time-dependent parameters. The quantum dot system is shown in Fig. 1 . We are able to present analytic expressions for all driving regimes, allowing for a detailed analysis of the origin of the various noise contributions.
We start our discussion by investigating the pumping noise when the non-equilibrium enters purely via the time-dependent driving. We recover a time-averaged fluctuation-dissipation relation 40, 43 and study deviations from it in the presence of both interaction and timedependent driving. From the correction to the Fano factor due to pumping, we can (independent of the choice of pumping parameters) extract signatures of systemspecific parameters, such as coupling asymmetry, as well as the level position with respect to the electron-hole symmetric point.
We, furthermore, consider the case of having an additional, possibly time-dependent, external bias. For a certain pumping prescription we find in the low-bias regime that the pumping noise is finite even if the time-averaged pumping current, namely its dc component, vanishes. We show how the time-averaged (i.e., zero-frequency) pumping noise feature provides information about the timeresolved pumping current (i.e. the current at every instant of time). That is, a finite pumping noise is present if there is a finite time-resolved pumping current.
This manuscript is structured as follows. We start by introducing the model and outline the derivation of the noise formulae in Sec. II. In this section we explicitly derive the technique to compute the zero-frequency noise. The results found for the pumping noise in a single level quantum dot, based on this technique, are discussed subsequently; the discussion is divided into two parts. The case of pure pumping (no bias) is shown in Sec. III and the results for pumping in presence of a finite bias are discussed in Sec. IV. The conclusion in Sec. V is followed by several appendices detailing the derivation of the pumping noise. There we introduce the treatment of slow timedependences in general and for the zero-frequency noise in particular in Appendices A and B. The real-time diagrammatic technique is explained in Appendix C. Appendix D provides additional terms needed to evaluate the noise, while Appendix E contains some analytic expressions that are not shown in the main text.
A. Current and noise in a quantum pump
In this manuscript we address the current noise in an adiabatic quantum-dot pump, in which a current is induced by a slow time-dependent, periodic modulation of the system parameters. The expectation value of the resulting pumping current is time-dependent and fulfills the condition α I α (t) = −e d dt n (t), with the currents, I α (t), into the left and right leads, α = L, R, and the charge in the (quantum dot) system, e n (t) (e < 0 being the charge of the electron). When at least two parameters of the system are varied in time, charge can be pumped through the system in every cycle. In this case, as well as when an additional time-independent dc bias is applied, the time-averaged current (namely the dc component of the current) is, in general, finite. The dc current through the system is defined as
where τ = 2π/Ω is the period and Ω the driving frequency. We are interested in the quasi stationary situation with a periodic modulation, where the expectation value of the charge on the dot is conserved after one period. Therefore, the time-averaged currentĪ is equal tō I L = −Ī R due to charge conservation. The current flowing through the pump is in general noisy, due to thermal fluctuations and due to nonequilibrium fluctuations. We are interested in the noise as a spectroscopy tool and as a measure of the precision of the charge pump. The time-resolved current noise can 3 be defined in the symmetrised form as S αβ (t, t ) = δÎ α (t) δÎ β (t ) + δÎ β (t ) δÎ α (t) , (2) where the operator δÎ α (t) =Î α (t)− Î α (t) measures the deviation of the current in lead α from its mean value. For a time-independent Hamiltonian, this object can be written as a function of the time difference, t − t . For systems that are subject to an external time-dependent driving it depends in general on two times. We are interested in the noise from a long-time measurement, namely the zero-frequency contribution to the noise spectrum
=:
Note that for the general noise-power definition, the integral in t is taken over a large measuring time interval.
27
In the stationary limit, the integrand S αβ (t) = S αβ (0) is time-independent. However, in the case of periodic driving, S αβ (t) as defined in Eq. (4) is periodic in t, and the integration interval can be reduced to one driving period τ . We will in the following calculate the zero-frequency noise in time-dependently driven quantum dots.
II. MODEL AND FORMALISM
A. Model Hamiltonian
As a model system for the study of the pumping noise we consider a single-level quantum dot coupled to two leads α = L, R, as shown in Fig. 1 . The quantum-dot system is described by the Anderson model where certain parameters in the system are time dependent
B. Real-time diagrammatic approach for noise
We want to derive the zero-frequency current noise for the above introduced model, taking into account the Coulomb interaction without any further approximation, and treating the case where the quantum system is weakly coupled to the reservoirs. This is accomplished in the following, where we write the zero-frequency current noise as well as the current itself based on a kinetic equation, which allows for an evaluation in terms of a non-equilibrium, real-time diagrammatic approach.
In order to calculate these expectation values, information on the time-dependent density matrix of the system is needed. Since we are not interested in the specific time evolution of the states of the reservoirs, we trace out the degrees of freedom of the reservoirs and calculate the expectation values based on the knowledge of the reduced density matrix of the quantum dot and its time evolution. We are then left with a four-dimensional Hilbert space spanned by the dot states |χ ∈ {|0 , | ↑ , | ↓ , |d }, namely the eigenstates of the Hamiltonian of the uncoupled quantum dot
The state associated with an empty dot has energy E 0 = 0, the energy of the singly occupied dot with spin σ =↑, ↓ is given by E σ = σ , while the energy of the doubly occupied dot also includes the Coulomb interaction, E d = 2 + U .
We assume that the quantum dot and the reservoirs are decoupled at some initial time t 0 ; since we are not interested in transient effects, we will later set this initial time to −∞, meaning that it is far away from the measuring time. The reduced density matrix of the dot at a later time t is connected to the density matrix at time t 0 via the propagator Π(t, t 0 ). In general, the reduced density matrix and the propagator are tensors of rank 2 and 4, respectively. In the following, however, we concentrate on the time evolution of the diagonal elements of the reduced density matrix, summarized in the vector P (t) = (P 0 (t), P ↑ (t), P ↓ (t), P d (t)). This is justified by the fact that in the model under consideration the dynamics of diagonal and off-diagonal elements of the reduced density matrix do not couple to each other due to charge and spin conservation in tunneling processes. Therefore, we write 4 by arrows. Such a contour is shown for the calculation of the noise, which will be introduced later, in Fig. 2 . The propagator fulfills a Dyson equation of the form
with the kernel W as the self energy, which describes all processes coupling the quantum dot and the leads. The time evolution of the reduced density matrix can then be written in terms of a kinetic equation
where the kernel W (t, t ) accounts for transitions between different reduced density matrix elements due to tunneling. It can be computed diagrammatically; we here use a diagrammatic language, 74 where the process of an electron hopping between dot and reservoir is represented as a tunneling vertex on the Keldysh contour. These vertices are connected via tunneling lines, which are contractions stemming from the tracing out of the lead degrees of freedom (due to Wick's theorem, there is always a pairwise connection of vertices). In this context, the kernel, i.e., the self energy of the Dyson equation (7), can be regarded as the sum of all irreducible diagrams, namely those parts of the contour where by any vertical cut one crosses a tunneling line, see Appendix C for more details.
With this formalism one can treat the time-dependent expectation value of the current, I α (t) = Î α (t) , by a similar equation as Eq. (8) . The current operatorÎ α simply acts as an external vertex which can be connected to the previously introduced tunneling vertices, via tunneling lines. We therefore introduce the object W Iα which represents the sum of all irreducible diagrams including the current operator as an external vertex. Based on this, the current expectation value can be written as
with e T = (1, 1, 1, 1), being a vector representation of the trace operator acting on the reduced Hilbert space. The current kernel W Iα as appearing in Eq. (9) can be directly derived from the kernel W by use of the accordingly modified diagrammatic rules shown in Appendix C.
We are in the following interested in the zero-frequency noise. In order to express the zero-frequency noise based on the time evolution of the current operators on the Keldysh contour, we concentrate on the object S αβ (t). This is the integrand of the expression for the zerofrequency noise, given in Eq. (3). Here we deal with an expectation value that contains two current operators at two different times t and t . As in the previous case of the current expectation value, we can treat the current operators as external vertices connected via tunneling lines. However, the placing of two external current vertices on the Keldysh contour allows for more possibilities of connections which need to be taken care of separately, as we show in the following (see also Fig. 2) .
Diagrams for the cases of having (a) both current operators in the same irreducible block, and (b) for having them on di↵erent blocks. Diagrams (c) and (d) depict the last contribution due to the product of current expectation values, where for t1 < t 0 and for (d) t1 > t 0 .
that it is far away from the measuring time. The reduced density matrix of the dot at a later time t is given by
with the propagator ⇧(t, t 0 ). This time evolution can be depicted on the Keldysh contour, as shown for the observable of the current-current correlator in Fig. 2 . The propagator fulfills a Dyson equation with the irreducible kernel, which describes all processes coupling the quantum and the leads and is depicted on the contour as blocks W (t, t 0 ). The time evolution of the reduced density matrix can then be written in terms of a kinetic equation We distinguish the two cases where the time argument of the current operatorÎ α is larger than the time argument ofÎ β , namely t > t , yielding the three integral expressions of the following formula, and the opposite situation t > t, where the current I β is taken at a later time and which we obtain by exchanging the indices α and β,
We discuss in the following the three different integral expressions occurring for t > t , examples of which are depicted in Fig. 2 . The first term of Eq. (10) deals with the possibility to place both current operators in the same irreducible part on the Keldysh contour, captured by the object W IαI β , see Fig. 2 (a) . The operatorÎ α occurs at time t, which is the latest time within S αβ (t), see Eq. (10), and is placed at the turning point of the Keldysh contour. The second current operatorÎ β has no fixed position within the object W IαI β . We here show the example where the current operatorÎ β is placed on the lower contour, however also the diagrams whereÎ β is placed on the upper contour contribute to the situation where t > t .
In the second term the current operators are in different irreducible parts, which are connected via the propagator Π of the system, see Fig. 2 (b) . Also here, we fix the operatorÎ α at the contour turning point at time t, whereasÎ β can be placed anywhere on the contour (in Fig. 2 (b) , the lower contour part was chosen).
The last term accounts for the contribution due to the product of two separate current expectation values at different times, where the tensor product occurs as the product of two terms which can be depicted on separate Keldysh contours, see Fig. 2 (c) and (d). The times, t and t , at which the currents,Î α andÎ β , are taken can occur in different realizations: The time t can lie within the time interval set by the Kernel W Iα (t, t 1 ), this is shown in the example Fig. 2 (c) . Note that, furthermore, the relation between the times t 1 and t 3 , the times at which the current kernels start, is not fixed; in Fig. 2 (c) we show as an example the case where t 1 > t 3 . Alternatively, the time t can lie outside the time interval set by the kernel W Iα (t, t 1 ), i.e., t < t 1 , see Fig. 2 (d) . In this case the third integral expression has a similar structure as the second one, depicted in Fig. 2 (b) . We use this fact for the evaluation of the zero-frequency noise, extensively discussed in the Appendix B, where we combine these two contributions to one. Now we take the initial time t 0 (before which we suppose the system and the leads to be decoupled) to the limit t 0 → −∞. The reason why we did not take this limit previously, is that the different integral expressions in Eq. (10) do not converge separately for this limit. This is due to the fact that the propagator Π (t 1 , t 2 ) does not have a finite support, meaning that the propagator does not vanish in the limit t 1 − t 2 going to infinity.
The discussed object, S αβ (t), is periodic in time and it, furthermore, enables us to perform in a subsequent step a systematic adiabatic expansion of the noise with respect to time t. The zero-frequency noise has before been studied based on a real-time diagrammatic approach for a time-independent system in Ref. 69 . Here, we are interested in considering the explicit time-dependence arising from the pumping cycle affecting the zero-frequency noise. The general expression given in Eq. (10) is the starting point of our considerations. The treatment of the time dependence is presented in the following Secs. II C and II D.
C. Adiabatic expansion of the current
We are interested in a situation where a timedependent modulation of the quantum dot system induces a current flowing through it, such as in a quantum pump. This time-dependent modulation can for example be realised by time-dependent gate voltages applied to the quantum dot. The different system parameters, which we choose to be possibly time-dependent are indicated in the Hamiltonian in Eq. (5). In the case of adiabatic pumping, which we focus on, this time dependence is taken to be periodic and slow enough such that the system can always almost follow the time-dependent modulation. This means that the time-scale set by the driving is much larger than the lifetime of electrons in the system. For a small-amplitude modulation of the singlelevel quantum dot investigated here, this reduces to the condition Ω Γ; we will discuss more general conditions later in this section.
We aim to write the noise, Eq. (10), for the limit of slow driving. To this end we will perform an expansion in the driving frequency, taking into account the zeroth and the first order in Ω. The zeroth order, referred to as the instantaneous contribution, describes the situation where the system can be taken to always follow the parameter modulation. This means that all parameters are frozen to time t. An "adiabatic correction", in first order in Ω, accounts for the actual delay with respect to the instantaneous solution. This contribution in first order in the frequency is responsible for the pumping current and the pumping noise. In the following we indicate the contribution in zeroth order of the frequency expansion with the superscript (i) and we denote the first-order correction in frequency by (a).
As a basis to address the adiabatic expansion of the zero-frequency noise in orders of the driving frequency, we first perform the expansion of the kinetic equations and the current, following the lines of Ref. 24 . In this spirit, the kinetic equation for the adiabatic expansion of the reduced density matrix of the dot,
The instantaneous contribution and the adiabatic correction to the reduced density matrix are found as solutions of these two sets of equations, which contain the instantaneous contribution and the adiabatic correction to the kernel, W → W (i) + W (a) , as well. We use a short notation with brackets, which is generally defined for two arbitrary objects A and B (be it any of the kernels, the density matrix, or also products of several objects) as
This expression can be readily derived from a general expression for the frequency expansion of a convolution, as previously done by Kashuba et al. Ref. 57 , see also Appendix A. In these equations, the Laplace transforms of the instantaneous kernel and its adiabatic correction,
occur, where the short notation without the z-argument denotes the limit W can be constructed in a straightforward manner by taking the kernel of the stationary system and inserting the time dependence parametrically. This is indicated by the subscript t. The adiabatic correction to the kernel contains the effect of the time-dependent parameters changing in time along the Keldysh contour in first order in Ω and is obtained according to the rules given in Appendix C, see also Ref. 24 . The fact that the Kernel has a finite support in time enters this equation through the derivative ∂W (i) t , which is a non-markovian feature. 75 We can deduct from the above equations, that in order to justify the adiabatic expansion of the kinetic equation for a general setting, one has to take into account two relevant time scales. For one there is the dynamics of the density matrix, dominated by tunnelling processes due to coupling to the reservoirs. Since the effect of the tunnel coupling is incorporated in the kernel W , the relevant time scale is directly related to the inverse of the magnitude of W . Moreover, W (t − t ) has a finite support in time, which needs to be sufficiently small to validate the expansion in Ω. The second time scale is hence related to the width of the kernel, which in turn relates to ∂W and corresponds to the dynamics of the reservoir. In this spirit, the adiabatic expansion is justified if both the tunnel and the reservoir dynamics are much faster than the external driving.
Due to the slow parameter modulation, also the current through the system has an instantaneous contribution and a first-order-in-frequency, adiabatic correction. The first-order correction is exactly the pumping current, in which we are mainly interested. In analogy to the kinetic equation one can compute the current of the system by the respective adiabatic expansion of the current kernel and the reduced density matrix
The reduced density matrix, obtained from Eqs. (11) and (12), enters the formula for the current expectation value. The current kernel contributions
Iα,t and ∂W
Iα,t are constructed according to the rules in Appendix C. Importantly, if no bias voltage is applied, the instantaneous current is always zero. In this case, the pumping current, I
(a) α , becomes the dominant contribution. We are in the following interested in the situation of zero bias, namely the regime of pure pumping as well as in the situation where a pumping current flows on top of an instantaneous current due to a non-equilibrium bias.
D. Adiabatic expansion of the noise
The main purpose of this paper is the calculation of the zero-frequency current noise of an adiabatic quantumdot pump. The aim of this section is to present the zeroth-order and first-order contribution in the driving frequency to the zero-frequency noise, S αβ , going along with the pumping current presented in the previous section. For this purpose we expand the elements of the periodic function S αβ (t), given in Eq. (10), around the reference time t. In a first step we consider the instantaneous contribution to the different terms, only. The detailed derivation is given in Appendix B. We obtain for the zeroth-order contribution in the driving frequency to this function
where we describe the different elements in the following. The first term contains the kernel W IαI β involving two current operators; the functional form of this expression is analog to the one found for the instantaneous current. The second term, containing current kernels from different parts of the contour is a combination of the second and part of the third expression of Eq. (10) . Note that an object related to the propagator connects the two kernels 69,76
This object has a finite support and is, hence, zero for large time differences, t − t → ∞. Its further properties and its evaluation starting from a Dyson equation are discussed in Appendix D. The important trait of Π in order to justify the adiabatic expansion, is that the width of Π needs to be sufficiently small. The relevant time scale determining the support of Π is equal to the time scale determining the dynamics of the density matrix. Hence, it scales with the inverse of the tunneling rate. Therefore, there is no new relevant time scale appearing with respect to the ones discussed before, and the same conditions that justify an adiabatic treatment of the kinetic equation, Eqs. (15) and (16), justify likewise the expansion of the noise for small pumping frequencies Ω. The condition to evaluate the instantaneous contribution to the object Π is given in Eq. (D5).
Finally the third term of Eq. (17) contains the remaining part of the product of two current expectation values at different times. In this third integral expression, the objectĨ
occurs, which is an object depending on two timearguments and differs from the definition of the current, Eq. (9), by the integration interval, such that I α (t, t) = I α (t). The Laplace transform of this object is discussed in detail in Appendix B. Its zeroth-order contribution in the driving frequency for z → 0 + is given by lim z→0 +Ĩ We will show for instance in Sec. III D, that if the timedependent driving of the system occurs with large amplitudes, already the noise in zeroth order in the pumping frequency can deviate strongly from the one of the corresponding stationary system.
The important object for this paper is the pumping noise, namely the first-order in the pumping frequency correction to the noise, arising from the slow driving. Only if there is a working pump, i.e., only if there are two time-dependent parameters enclosing a finite area in parameter space in one period the pumping noise is non-zero. With the help of the notation using brackets, introduced in the context of the kinetic equation in the previous section, the elements of the pumping noise can be written as
That is, each bracket contributing to the noise is expanded in first order in Ω, according to Eq. (14) . When explicitly expanding these brackets, the adiabatic correction and the first derivative with respect to the Laplace variable of the object Π related to the propagator appear, in addition to the previously found adiabatic correction to the reduced density matrix and the current. The recipes to evaluate ∂Π 
E. Perturbation expansion in the tunnel coupling
In the following we are interested in quantum dots which are weakly coupled to the reservoirs. We therefore perform a perturbation expansion in the tunnel coupling Γ on top of the adiabatic expansion performed above. This perturbation approach is a useful approximation as long as the condition Γ k B T is fulfilled, where T is the temperature and k B the Boltzmann constant. Within this perturbation expansion, the Coulomb interaction and the non equilibrium due to an applied bias can be treated without any further approximations. The kernels describing tunneling events between quantum dot and reservoirs are always expressions in at least first order in the tunneling coupling strength Γ. We write their expansion in general as
where the index x stands for the different kinds of kernels, such as W , the current kernel W Iα , or W IαI β . While expressions containing the kernel only in the lowest-order expansion in the tunnel coupling are commonly referred to as the sequential tunneling contribution, we here go beyond this limit by taking into account quantum fluctuation effects up to second order in the tunnel coupling Γ.
We perform a rigorous order-by-order Γ expansion of the kinetic equations given in Eqs. (11) (20). Thus we find the instantaneous and adiabatic contributions to the reduced density matrix, the current and the zero-frequency noise in lowest and in next-to-lowest order in the tunnel-coupling strength 8 Γ. The results are discussed in the remainder of this paper. It is known from previous calculations, 24, 74 that the lowest-order contribution to the reduced density matrix in the instantaneous limit is the zeroth order in Γ, denoted by P (i,0) , while the adiabatic correction starts in minus first order, P (a,−1) . This is consistent with the fact that Ω/Γ 1 in the adiabatic limit. The dominant contribution to the instantaneous current, I
(i,1) (t), is a first-order in Γ contribution, while the pumping current starts in zeroth order in Γ but is proportional to the frequency, I
(a,0) (t). Likewise, the perturbation expansion of the instantaneous zero-frequency current noise begins in first order in Γ, S (i,1) αβ , where the pumping noise contribution starts one order lower, S (a,0)
αβ . In the remainder of this paper we apply these general formulas to the singlelevel quantum dot, introduced in Sec. II, for a slow, timedependent driving, in the zero-as well as in the finite-bias regime.
III. PUMPING NOISE
In this section we want to study the zero-frequency noise of a single-orbital quantum dot, as introduced in Sec. II A. We consider the case of zero bias voltage, where a finite pumped charge is due to the modulation of at least two time-dependent parameters. In the absence of a bias the instantaneous current is zero for all times. However, a finite charge can be pumped through the dot, i.e., the dc pumping current I (a) is non-zero, if there is a finite phase difference between the two parameters. These parameters can be the level position of the dot and the tunnel-coupling strengths to the different contacts, which can all be driven by externally applied gates. In the following we write these parameters as X(t) =X + δX(t), whereX denotes the time average of X(t).
A. Instantaneous contribution to the noise
While the instantaneous current always vanishes at zero bias, thermal noise is present, even without the modulation of external gates. We start the study of the noise in the unbiased case by this instantaneous contribution and show to which extent this thermal noise reveals features of the time-dependent driving. In lowest order in the tunnel coupling, we find
Note that we can express the noise exclusively in quantities, which are local in time and which characterize the properties of the quantum dot. 77 Namely, Eq. (22) contains the relaxation rate of the charge on the dot in lowest order in the tunneling, λ 78, 79 with the Fermi function 7
III. PUMPING NOISE
In this section we want to study the zero-frequency noise of a single-orbital quantum dot, as introduced in Sec. II A. We consider the case of zero bias voltage, where a finite pumped charge is due to the modulation of at least two time-dependent parameters. In the absence of a bias the instantaneous current is zero for all times. However, a finite charge can be pumped through the dot, if there is a finite phase di↵erence between the two parameters. These parameters can be the level position of the dot and the tunnel-coupling strengths to the di↵erent contacts, which can all be driven by externally applied gates. In the following we write these parameters as X(t) =X + X(t), whereX denotes the time average of X(t).
A. Instantaneous contribution to the noise
While the instantaneous current always vanishes, when the bias is zero, there is however thermal noise, which is present even without the modulation of external gates. We start the study of the noise in the unbiased case by this instantaneous contribution and show to which extent this thermal noise reveals features due to the timedependent driving. In lowest order in the tunnel coupling, we find
Note that we can express the noise exclusively in quantities, which are local in time and which characterize the properties of the quantum dot. 58 Namely, Eq. (24) contains the relaxation rate of the charge on the dot in lowest order in the tunneling, 59, 60 with the Fermi function f (E) = 1/(1 + exp( E)) and = 1/k B T , as well as the instantaneous charge variance on the quantum dot, defined as h ci
with the definition hci := hni 1, where hni is the average charge on the dot. The quantity hci represents an average electron-hole occupation, namely it is 1 if the dot is doubly occupied, and 1 for an empty dot, i.e., there are two holes. Otherwise, i.e., for one electron on the dot, c is zero. We choose this representation since the quantity hci appears in noise expressions much more often than hni alone. The reason for this is that the noise is related to charge fluctuations. We will see in the following, that the noise reveals interesting symmetries with respect to the electron-hole symmetric point. The explicit result for the quantum-dot charge variance can be given as h ci which relates to hci
The result for the instantaneous zero-frequency noise is shown in Fig. 3 (a) , for the case of time-dependent energy level and left tunneling rate, ✏ = ✏ + ✏ sin(⌦t) and L = L + L sin(⌦t + '), where pumping amplitudes are small, L , ✏ ⌧¯ . The instantaneous cross-correlation is always negative, as required.
23 For small amplitudes it shows a resonant contribution at ✏ ⇡ 0, when the addition energy of adding an electron to the empty dot is equal to the electrochemical potential, and at✏ ⇡ U , when a second electron can be added. These two contributions coincide, when the Coulomb interaction is zero (see blue, dashed line). One can observe, that the single peak for U = 0 is not the sum of the two peaks for finite U , but is reduced by a factor of roughly 0.7. In Eq. (24) we see that this arises from the fact that the tunneling rate prefactor is modified by the Coulomb interaction through
there is an increase of the rates, since
(1) c / > 1 when ✏ is within the range from U to 0. This leads to an e↵ective increase of the total current fluctuations for finite U .
Since no bias is applied, the instantaneous part of the noise is a pure thermal noise. Equation (24) can be understood as a time-averaged fluctuation dissipation theorem for it can be related to the instantaneous linear f (E) = 1/[1+exp(βE)] and β = 1/k B T , as well as the instantaneous charge variance on the quantum dot, defined as
with the definition c := n − 1, where n is the average charge on the dot. The quantity c represents an average electron-hole occupation, namely it is 1 if the dot is doubly occupied, and −1 for an empty dot, i.e., there are two holes. Otherwise, i.e., for one electron on the dot, c is zero. Note that ∆c = ∆n . We choose this representation since the quantity c appears in noise expressions much more often than n alone. The reason for this is that the noise is related to charge fluctuations. We will see in the following, that the noise reveals interesting symmetries with respect to the electron-hole symmetric point. The explicit result for the quantum-dot charge variance can be given as
with c
While the above discussion was valid for arbitrary pumping parameters, we now focus on the case of timedependent energy level and left tunneling rate, =
, where pumping amplitudes are small, δΓ L , δ Γ . The result for the instantaneous zero-frequency noise is shown in Fig. 3 (a) . The instantaneous cross-correlation is always negative, as required.
27 For small amplitudes it shows a resonant contribution at¯ ≈ 0, when the addition energy of adding an electron to the empty dot is equal to the electrochemical potential, and at¯ ≈ −U , when a second electron can be added. These two contributions coincide, when the Coulomb interaction is zero (see blue, dashed line). One can observe, that the single peak for U = 0 is not the sum of the two peaks for finite U , but is reduced by a factor of roughly 0.7. In Eq. (22) we see that this arises from the fact that the tunneling rate prefactor is modified by the Coulomb interaction through λ Irrespective of the choice of pumping parameters we can state that the instantaneous part of the noise is a pure thermal noise, since no bias is applied. Equation (22) can be understood as a time-averaged fluctuation dissipation theorem for it can be related to the instantaneous linear conductance as
where the linear conductance is defined as
This result holds also in next order in the tunnel coupling, with corrections to the linear conductance of the form 80,81
with the lowest-order conductance G (1) , which can be directly extracted from Eq. (22), and the definitions
We defined φ(ω) = conductance as
This result holds also in next order in the tunnel coupling, with corrections to the linear conductance of the form 61,62
with the lowest order conductance G (1) , which can be directly extracted from Eq. (24) , and the definitions
We defined (!) = 2⇡ Re
where is the digamma function. The term denotes the renormalization of the energy level due to quantum fluctuations, ✏ ! ✏ + . The function on the other hand is related to the -renormalization. The prefactor depending on the Fermi functions relates to the fact that contains the weighted -renormalizations at di↵erent resonances, occurring with opposite signs. For details see Ref. 62 . Also, see Refs. 61 and 62 for the remaining analytic expressions for the cotunneling contributions to he conductance.
Importantly, it is the time-averaged conductance which determines the instantaneous zero-frequency noise. This becomes clearly evident in the black (full) line of Fig. 4 remaining analytic expressions for the cotunneling contributions to the conductance.
Importantly, it is the time-averaged conductance which determines the instantaneous zero-frequency noise. This becomes clearly evident in the black (full) line of Fig. 4 for the case of large amplitudes δ k B T , where the time dependence of the level position can be seen from the splitting of the resonances. This feature is due to the fact that when the amplitude of the level energy δ is much larger than k B T , the quantum dot can be at resonance for a considerably large time, even though the mean energy level is far from resonance. When the distance from to the resonance is equal to the amplitude at harmonic driving, the dot level is at resonance at the turning point of the sinusoid, hence the dot stays in the resonant regime for a much longer time than if the mean energy were exactly on resonance.
Moreover, for large amplitudes, the instantaneous thermal noise part gets decreased considerably, as can be seen when comparing Fig. 3(a) with Fig. 4 , due to the fact that the addition energies are not always close to the resonances during the whole pumping cycle. We will show in Sec. III D, that S (i) LR can even vanish for certain pumping schemes with large modulation amplitudes.
B. Adiabatic pumping with (t) and Γα(t)
While an instantaneous contribution to the noise is also present in a time-independent system, an adiabatic contribution is uniquely due to a finite time-dependent modulation. Therefore the characteristics of the pumping noise contain more information about the actual pumping process than the pumped charge only, as we will show in the following.
By assuming zero bias, but an arbitrary combination of time-dependent parameters, we find for the leading order in the tunnel coupling for the first-order in Ω correction to the noise (i.e., the pumping noise)
Importantly, also for the case of time-dependent driving, it is possible to express the zero-frequency noise exclusively in terms of observables in the dot which are local in time, and their derivatives. We immediately see that, similar to the pumping current, 24 the pumping noise in the sequential tunneling regime can be non-zero only if is one of the time-dependent parameters, such that the occupation number c Comparing Eq. (22) and Eq. (30), we see clear similarities between the structure of the pumping noise and the instantaneous noise, which exclusively stems from thermal fluctuations. However, the adiabatic noise is due to a working pump (i.e., two independent driving parameters) and is, therefore, a non-equilibrium effect. Hence unlike in the instantaneous case, where the system is assumed to be in equilibrium for each point in time, one cannot, in general, expect the fluctuation-dissipation relation, Eq. (25), to hold for the pumping noise, and indeed we show in the following that this relation breaks down.
However, only for the case of U = 0, the equilibrium relation can be extended to first order in Ω in the following way
This relation holds for arbitrary orders in Γ, provided that the temperature is still larger than the driving frequency Ω. We proved it within the framework of a scattering-matrix approach (valid for U = 0). Equation (31) is a consequence of the special case where the system is both non-interacting and adiabatically driven (i.e., close to equilibrium). In the following we show that in the presence of Coulomb interaction, the relation (31) breaks down already in first order in Γ. For the interacting system, the pumping noise, Eq. (30), can be expressed as
It can thus be separated into a part proportional to G (a,0) , which represents an adiabatic correction of the equilibrium fluctuation dissipation theorem, and a correction term. Importantly, strong Coulomb interaction has an impact on the charge relaxation rate, λ
(1) c . It therefore influences the dynamics of the quantum dot, and thus reveals the impact of the non-equilibrium due to the time-dependent driving, in form of a deviation from the equilibrium FDT. For a non-interacting system, λ
(1) c = Γ, and therefore the correction term vanishes. Hence it is the Coulomb interaction that prevents us to write down all the noise corrections in terms of the conductance. This is a strong indication that S (a,0) LR is not uniquely of thermal origin for an interacting system.
Several works dealt with a formulation of general fluctuation relations out of equilibrium. 82 In a classical regime with a stationary non-equilibrium, fluctuation relations were formulated in Refs. 83 and 84. Also quantum systems were investigated where the impact of weak interaction on the non-markovian behaviour was studied.
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The adiabatic noise is shown in Fig. 3 (b) for the case of small pumping amplitudes. We see for one that the instantaneous noise is much larger than the adiabatic one. However, an important distinguishing feature is their symmetry: whereas the instantaneous cross-correlation is always negative, its first-order in Ω correction can be both positive or negative, going along with a sign change at each resonance. Therefore, the pumping noise can lead to an enhancement as well as a reduction of the total noise. In order to understand this behavior, it is crucial to examine the properties of the charge variance ∆c , because as we see in Eq. (30) the pumping noise is directly related to its time derivative. The charge variance depends on time through its strong dependence on the energy level . It is finite only when the dot level is close to the Fermi energies where the dot's charge state is not well-defined. At resonance where the charge variance is maximal and ∂ ∂ ∆c = 0, the pumping noise exhibits a sign change. This shows that the pumping noise is zero whenever the charge variance is insensitive to the driving with .
In addition, the pumping noise has a node at the electron-hole symmetric point = −U/2 and is antisymmetric around this point (in contrast to S (i) LR , which is symmetric). For small amplitudes, as shown in Fig. 3 (b) , this leads to a shift of the purely instantaneous noise contribution, which takes place in the same direction for both the contribution at¯ ≈ 0 and at¯ + U ≈ 0. This shift direction of both contributions depends further on the phase-difference of the driving parameters and the coupling asymmetry of the tunnel barriers.
87 Finally, the total sign of the pumping noise depends on the tunnel coupling asymmetry and the pumping direction.
Considering the adiabatic correction in the regime of large amplitudes, see Fig. 4 , it results in altering the heights of the two parts of the separated peaks (as a reminder, the peaks separate due to the large amplitudes), rather than in a shift. Again, which of the contributions gets increased or decreased depends on the coupling asymmetry and the direction of the pumping.
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In order to characterize the zero-frequency noise due Since there is no instantaneous current in the absence of a bias voltage, and thus I (i) = 0, this quantity can be interpreted as an adiabatic correction to the ordinary Fano factor. It gives information about, e.g., whether there is adiabatic transport that is free of adiabatic noise (F (a) is zero), or there is adiabatic noise in absence of a pumped charge (F (a) diverges). Importantly, F (a) is independent of the pumping direction, because both I LR change sign for a reversed pumping cycle. This means that the sign of F (a) can be related to intrinsic characteristics of the system (as we will see in the following). The adiabatic Fano factor, F (a) , is shown as a function of the average level position in Fig. 5 . We focus on the case of small amplitudes of the parameter modulation, where we can derive meaningful analytic results. In a bilinear expansion of the pumping amplitudes, we find for the adiabatic noise
with the area A = R ⌧ 0 dt L✏ , which is enclosed in parameter space in one pumping cycle. As for the timedependent system quantities, the bar over an arbitrary function, e.g. h ci LR , in contrast to the pumped charge, is zero. Note that while the instantaneous noise and the pumped charge have even parity with respect to the particlehole symmetric point, the pumping noise shows odd parity, S LR (✏ + U/2), leading to the shift of the total zero-frequency noise, discussed before. In lowest order in the tunnel coupling and for small amplitudes, ✏ ⌧ k B T and ⌧ , the adiabatic Fano factor can be approximated as
Evidently, the adiabatic Fano factor scales directly with the coupling asymmetry. This can be seen in Fig. 5 , to pumping with respect to the average current pumped through the system per period,Ī (a) , we define an adiabatic Fano factor
Since there is no instantaneous current in the absence of a bias voltage, and thus I (i) = 0, this quantity can be interpreted as an adiabatic correction to the ordinary Fano factor. It gives information about, e.g., whether there is a time-averaged pumping current that is free of pumping noise (F (a) is zero), or there is pumping noise in absence of a pumped charge (F (a) diverges). Note that the direction of the dc pumping current and the sign of the related pumping noise are highly sensitive to all system parameters, which is in contrast to stationary transport. Therefore our interest in the adiabatic Fano factor F (a) is to examine the relation of the current and the noise including also their respective sign, differing from the motivation for the original Fano factor namely to study the noise with respect to its Schottky limit.
Importantly, F (a) is independent of the pumping direction, because both I (a) and S
LR change sign for a reversed pumping cycle. This means that the sign of F (a) can be related to intrinsic characteristics of the system (as we will see in the following). The adiabatic Fano factor, F (a) , is shown as a function of the average level position in Fig. 5 . We focus on the case of small amplitudes of the parameter modulation, where we can derive meaningful analytic results. In a bilinear expansion of the pumping amplitudes, we find for the adiabatic noise
with the area δA = τ 0 dtΓ L˙ , which is enclosed in parameter space in one pumping cycle. As for the timedependent system quantities, the bar over an arbitrary function, e.g. ∆c LR , in contrast to the pumped charge, is zero. Note that while the instantaneous noise and the pumped charge have even parity with respect to the particlehole symmetric point, the pumping noise shows odd parity, S (a,0)
LR ( + U/2), leading to the shift of the total zero-frequency noise, discussed before. In lowest order in the tunnel coupling and for small amplitudes, δ k B T and δΓ Γ, the adiabatic Fano factor can be approximated as
Evidently, the adiabatic Fano factor scales directly with the coupling asymmetry. This can be seen in Fig. 5 , where we show the Fano factor as a function of the average energy level for different (i.e., opposite) coupling asymmetry. The latter factor can be understood as follows. If the dot level is far from resonance and the charge is exponentially suppressed, c
∼ e ±β , we find that the adiabatic Fano factor is constant with respect to the mean level energy
If the quantum dot is in resonance, i.e., the charge depends linearly on the mean level energy, c (i,0) t ∼ ± , we can observe a node in F (a) . Furthermore, the Fano factor changes sign in a step-like feature at the electronhole symmetric point, since the pumped charge and the pumped noise have different symmetries with respect to the latter. Hence, the off-resonant plateau heights are directly equal to the coupling asymmetry, whereas the nodes occur at the resonances, and the electron-hole symmetric point. Thus, F (a) displays a distinct feature for the electron-hole symmetric point, which cannot be observed by the pumping noise directly, since the noise signal itself is exponentially suppressed in this regime. The nodes in F (a) correspond directly to the nodes of S
LR . If F (a) = 0 then there is no pumping noise even though there is a finite pumped charge. In the case considered here, there is no possibility to realize the opposite situation of having finite pumping noise in absence of pumped charge, in which case the adiabatic Fano factor would diverge. We will encounter this case of finite pumping noise with zero pumped charge in Sec. IV.
As a next step, we study the adiabatic noise correction in next higher order in Γ, i.e., in the regime where cotunneling contributions as well as interaction-induced renormalization effects to the bare dot parameters arise due to quantum fluctuations. It has been shown 24 that the average pumping current beyond sequential tunneling is due to the level renormalization term, only,
The renormalization of c is c
Here, we present the contribution to the zero-frequency noise in second order in the tunnel coupling. The adiabatic correction in second order is given as
The splitting up into two terms is motivated by Eq. (36) . Analogously to the pumped charge, the first contribution is related to the level renormalisation, here specifically, the renormalized charge variance ∆c
However, there is an additional correction term
where we used σ = ∂ ∂ σ as well as S =
1−f ( )−f ( +U )
1−f ( )+f ( +U ) . The function S has odd parity with respect to the electron-hole symmetric point, and gives evidence of either the electron-like or hole-like nature of the dot spectrum. 79 The correction can be expressed in terms of cotunneling transition rates, for one there are rates related to transition where initial and final states are the same w = W 0→σ→0 = W σ→0→σ , w = W σ→d→σ = W d→σ→d , and also transitions between zero and double occupancy occur, W 0d and W d0 . Their explicit form can be found in Ref. 78 . For U = 0, we find S (a,1) LR = 0, in analogy to the dc pumping current I (a,1) that vanishes also. Moreover, when consulting Eq. (38) we see that this correction term is proportional to ċ (i,0) t , and therefore in spite of the appearance of cotunneling terms, the adiabatic noise is still a purely resonant feature, i.e., it is exponentially suppressed far from resonance, quite like the pumped charge. Moreover one can show starting from Eq. (37) , that in the case of symmetric coupling, Γ L = Γ R , all adiabatic terms but S (a,corr) LR vanish. The behavior of this correction term is therefore quite different from the other contributions of the pumping noise which all vanish for symmetric coupling.
We consider again the adiabatic corrections of the Fano factor, see Eq. (33). For a sufficiently asymmetric tunnel coupling, the only visible feature is the shift due to the level renormalization, since the correction S (a,corr) LR is much smaller. If we however approach the symmetric coupling case, we find that F (a) does not go to zero, and the only visible feature comes from S (a,corr) LR . Importantly, S (a,corr) LR is even the leading contribution to the pumping noise, since also the lowest-order contribution vanishes for symmetric coupling, S (a,0) LR . Note finally, that the adiabatic correction of the Fano factor gives no account for the quality of the pump. For this purpose, one needs to include the contribution from the instantaneous, thermal noise. When choosing only and Γ L as pumping parameters, this is the dominant contribution, since pumping takes place close to resonance. However, when including Γ R as a third time-dependent parameter, it is possible to reach the quantized pumping regime. This case we will address in Sec. III D.
C. Pumping with the barriers only
As shown in the previous section, the pumping current and the pumping noise in lowest order in the tunneling coupling vanish if the level position is not time dependent, (t) = . The first non-vanishing contribution of time-averaged pumping current and pumping noise for pumping with the barriers only, is due to second-order processes in the tunnel coupling. We use Eqs. (37) and (38) , which are valid also for a modulation of Γ L (t) and Γ R (t) to evaluate the pumping noise now for pumping exclusively via the barriers. Interestingly the correction term, Eq. (38), vanishes in this case since it requires ċ (i,0) t = 0. Indeed, already for the average pumped current, when pumping with the barriers only, it has been found that pumping is uniquely due to level renormalization effects. For the only remaining contribution to the zero-frequency pumping noise, we find
Note that in this situation, the pumping noise is one order of magnitude smaller than when pumping also with the level position. However, as we have pointed out already, the lowest-order contribution of the pumped charge is also zero when is constant, hence the adiabatic Fano factor is still of similar order of magnitude as when pumping with and Γ L . Furthermore, one can show that when focussing on weak-amplitude pumping and performing an expansion in the pumping amplitudes in bilinear order, F (a) is equal to the expression in Eq. (35) . Therefore, in the present case of weak pumping and no bias, the shape of F (a) is robust with respect to the choice of any two parameters out of , Γ L and Γ R . Importantly, the Fano factor contains only the intrinsic properties of the system, and the pumping scheme does not obscure F (a) . Keep in mind that this finding is true if the pumping consists of only two parameters that drive the system.
D. Quantized pumping
In the previous sections, we discussed predominantly the case of weak pumping, or when discussing strong pumping, we restricted ourselves to only two timedependent parameters, with which there cannot be quantized pumping. Here, we want to consider exactly this regime where we transport one electron per cycle. This regime is of interest for a quantum standard for the current. In the regime of quantized pumping, the zerofrequency noise is strongly suppressed.
14
In order to reach a quantized pumping regime for our model of a single-level quantum dot, all three parameters , Γ L , and Γ R are required to be time dependent, which is in contrast to, e.g., a double quantum-dot system, where two time-dependent parameters are sufficient to obtain quantized pumping. 7, 9 The quantized singlequantum dot pump on the other hand is most efficient when there is a phase difference of each π/2 between Γ L and as well as between and Γ R , with a total phase shift of π between Γ L and Γ R . The only possibility to reach exactly one pumped charge per cycle is when the modulation of the Γ's is such that each Γ α closes completely for one moment during the cycle. Thus, one achieves that the pump actually receives an electron from one lead, and half a cycle later, it can be released in the other.
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We show the result of the number of pumped charges τ I Fig. 6(b) . We see that with increasing amplitude of the level energy δ , we reach the regime of quantized pumping, I = eΩ/2π. When one reaches either the resonance at the addition energy of one electron on the dot, = 0, or the one to add a second electron, = −U , there is one charge transferred per cycle, for sufficiently large level energy amplitude. Considering the total noise S LR in Fig. 6(b) we indeed find that the noise vanishes in the regime of quantized pumping.
At the edges, i.e., when the average energy level is ±δ away from the resonances, there is a remaining thermal noise contribution. Here, the dot level is brought close to resonance right at the turning point of the sinus modulation of where both tunneling barriers are open. Consequently, there are non-vanishing thermal fluctuations, and there is no perfect transmission of exactly one charge per cycle.
IV. NOISE INCLUDING FINITE BIAS VOLTAGE AND MAGNETIC FIELD
We considered until now pumping at zero bias voltage. However, also the study of the current induced by a time-dependent bias opens new avenues for transport spectroscopy. In this section, we therefore generalize our previous results by allowing for a finite voltage bias, eV (t) = µ L (t)−µ R (t), with the aim to consider adiabatic pumping by the modulation of the gate and bias voltage, (t) = + δ sin(Ωt) and eV (t) = eV + eδV sin(Ωt + ϕ). This specific pumping prescription has a very promising application as a spectroscopy tool. It has been shown 25, 26 that when pumping with bias and gate voltages, the adiabatically pumped charge is uniquely due to a finite Coulomb interaction. If the time average of the bias is finite, the occurrence of a pumped charge reflects the sign of the coupling asymmetry to the leads, Γ L = Γ R ; 
We considered until now pumping at zero bias voltage. However it was shown in Ref. 21 that also the study of the current induced by a time-dependent bias opens new avenues for transport spectroscopy. In this section, we therefore generalize our previous results by allowing for a finite voltage bias with the aim to consider adiabatic pumping by the modulation of the gate and bias voltage, ✏(t) = ✏ + ✏ sin(⌦t) and V (t) = V + V sin(⌦t + '). This specific pumping prescription has a very promising application as a spectroscopy tool. It has been shown 21 that when pumping with bias and gate voltages, the pumped charge is uniquely due to a finite Coulomb interaction. If the time average of the bias is finite, the occurrence of a pumped charge reflects the sign of the coupling asymmetry to the leads, L 6 = R ; at zero average bias, the pumped charge contains information about the degeneracy of the ground state. This latter point could be at zero average bias, the pumped charge contains information about the degeneracy of the ground state. This latter point could be proven by a study of the pumped charge in the presence of a magnetic field, which lifts the spin degeneracy of the system.
The pumping noise turns out to have a different behavior, containing information on both the pumping and the instantaneous current. In particular, we can show that a pumping noise can persist in the absence of an adiabatically pumped charge. In this case the pumping noise indicates that the pumping current cancels in average but not at every instant of time. In order to study the full parameter space needed for the type of spectroscopy introduced in Refs. 25 and 26, we allow in the following for a finite external magnetic field as well. After deriving the general formulas for the pumping noise in Section IV A, we consider the specific case of time-dependent bias and gate voltage, for which the pumped charge reveals features due to Coulomb interaction in Section IV B.
A. General expressions for current and noise
We start by adding a finite bias V as well as a Zeeman splitting ∆ due to a finite magnetic field to the system and study the pumping current and the instantaneous and adiabatic zero-frequency noise for a general set of 14 time-dependent parameters , Γ α , ∆ or V . As a consequence of the bias, there is also an instantaneous current, I
(i) t (consider Eq. (15) for its evaluation), flowing in addition to the pumping current, I
(a) t , due to time-dependent driving. Likewise, on top of thermal and pumping noise, shot noise emerges in the large-bias regime.
The magnetic field resulting in a Zeeman splitting of the energy level adds additional structure to the system and, together with the finite Coulomb interaction, effects a coupling of the charge and spin dynamics, as will be discussed in the following. Also, in the presence of a magnetic field a spin current is induced by a finite bias or a modulation of gates; this spin current in turn will in the following be shown to have an impact on the charge current noise.
The coupling of charge and spin dynamics is most conveniently accounted for by introducing the vector c = ( c , s )
T as well as a current vector I = (I, I s ) T carrying both the charge and spin on the dot and the charge and spin currents into the leads as components. The spin on the dot and the spin current are defined as the difference of the occupation or current for the two spin channels, respectively, s = ↑ − ↓ and I s = I ↑ − I ↓ .
Pumping current. With the abbreviations introduced above, we can give the expressions for the adiabatic charge current 25 and the adiabatic spin current 26 in a compact form
where the components of the instantaneous c are obtained through
and P (40), shows that time-dependent changes in spin and charge on the dot result in a current flow. The amount of the latter is found from a two-by-two response matrix A, given in Eq. (E1), which contains information about the relaxation behavior of charge and spin in the dot. This matrix representation of the prefactor is owed to the fact that the charge and spin dynamics are coupled quantities, i.e., a change of the spin expectation value can induce a charge current and vice versa.
For the specific case where bias and gate are chosen as pumping parameters the result for the time-averaged current is shown in Figs. 7 and 8, (a) and (c), respectively. We will discuss the shown results in detail in Sec. IV B.
Some features can be observed in the pumped current already in the general case. If there is either zero magnetic field or zero interaction, the dynamics of charge and spin decouple and consequently the response matrix A becomes diagonal. For zero magnetic field, ∆ = 0, and arbitrary Coulomb interaction U we find
This shows that indeed A contains the relaxation rates of charge and spin to the different leads α, which, in first order in Γ are given by
with the Fermi function for lead α as f α (E) = 1/ (1 + exp[β(E − αeV /2)]) and the summed rates λ
c/s,α . When the dynamics of charge and spin decouple, the pumping current is directly related to the charge relaxation rates, while the spin current is directly related to the spin relaxation rates. However for ∆ = 0 the spin expectation value is zero at all times and so is the spin current.
Moreover, if we consider the case of non-interacting electrons, we find, independently of the magnitude of ∆,
The matrix is hence diagonal, and the charge and spin dynamics can be considered uncoupled, even with a finite magnetic field. This is because in the absence of Coulomb interaction the particles with spin ↑ and spin ↓ form two independent particle sectors. The only occurring relaxation rate for U → 0 is then the tunneling rate λ
(1) c/s,α → Γ α . Equivalently to the two independent particle sectors one can consider any linear superposition of them, as in this case the charge c + 1 = ↑ + ↓ and the spin s = ↑ − ↓ . An important consequence of the vanishing interaction is that the prefactor matrix A does not depend on gate and bias anymore. Therefore a time-averaged pumped current can be induced only if at least one of the Γ α depends on time, while the timeaveraged pumped current vanishes when pumping with gate and bias. We will come back to this in Sec. IV B.
Zero-frequency noise. We are interested in the properties of the noise indicating the origin of processes leading to the appearance or the suppression of a finite timeaveraged pumped charge.
We start by presenting the results for the instantaneous contributions to the zero-frequency noise in the presence of a finite bias and an external magnetic field. As already stated in Sec. II D, the instantaneous noise is found to be the time integral of the expression for the stationary zero-frequency noise, where all parameters are replaced by time-dependent parameters frozen at the integration time t. The stationary zero-frequency noise in the sequential tunneling regime has been calculated before in Ref. 76 , however, analytic expressions were only provided for specific limits. Here, we find an analytic expression for the instantaneous contribution to the zero-frequency noise in a time-dependently driven system
Importantly, in contrast to the zero-bias case discussed before, see Eqs. (22) and (25), this expression is no longer merely given by the time-averaged conductance. Now it contains time-averaged shot noise terms as well; this is clear from the first term of Eq. (46), which contains the instantaneous charge and spin current, I
(i,1) t , being nonzero only for a finite bias. What is more, not only is the current expression appearing in the noise, but the charge and spin densities are shown to directly couple to both the charge and spin currents via the matrix A . It is of very similar structure as the matrix A occurring in the pumping current, as can be seen in Eq. (E5). The appearing rates are therefore the same as in the prefactor of the pumping current, see Eq. (40). Here we observe that these rates reappear also in the first term of the instantaneous current-current correlation. The occurrence of rates related to charge and spin dynamics in the current noise has already been reported in a stationary system, see e.g. Refs. 77 and 90.
The second term in Eq. (46) contains the charge and spin variance ∆ c = ( ∆c , ∆s )
T and for zero bias, it reduces to the thermal noise. We have encountered this second term, proportional to the local charge and spin fluctuations, ∆ c, already in a simpler form in the previous case, Sec. III A: there the instantaneous noise in the absence of a bias and a magnetic field, Eq. (22), has been shown to directly depend on the charge variance and the charge relaxation rate, while in the presence of a magnetic field mixing with the spin variance occurs, which is accounted for by the prefactor vector a that contains terms related to the charge and spin relaxation see Eq. (E6) in the Appendix. As we have stated already, for zero bias, I
(i,1) t = 0, only the latter term survives (thermal noise). Note however that, in the large-bias limit, where shot noise effects are dominant, both terms contribute equally. Therefore, there is no clear separation in thermal and shot noise terms in this high-temperature limit with time-dependent driving, when representing the instantaneous noise according to Eq. (46) . A representation for the current noise in terms of expectation values and variances of the charge and current has already been found in the time-independent regime for non-interacting electrons, zero magnetic field and large bias.
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Our main interest is here on the first-order Ω contribution to the noise for arbitrary interaction U and Zeeman splitting ∆. We here show that it can be given in terms of the dot's charge and spin and the variances thereof, as well as the charge and spin currents, in a form that reflects the structure of the instantaneous noise,
This equation represents a closed form for the pumping noise for interacting electrons and an arbitrary choice of the driving parameters. Also in the pumping noise we find that the charge and spin expectation values appear paired with the charge and spin currents (and their time derivatives), where prefactors related to the charge and spin relaxation accompany these pairs. The prefactors of the first four terms are collected in the matrices B i , given in the Appendix in Eqs. (E10), (E11), (E12), and (E13). In particular, B 4 contains expressions proportional to the time derivatives of the pumping parameters. Like, e.g., A , the B i have again the property that if charge and spin dynamics are independent, namely for U = 0 or B = 0, they become diagonal.
Finally, we find the two latter terms in the pumping noise which contain charge and spin variances and their time derivatives. For the general case of an arbitrary magnetic field, both the charge and spin variance influence the pumping noise, as is expressed via the prefactor vectors b i related to the charge and spin relaxation, see Eq. (E14) in the Appendix. Here, b 2 , like B 4 , contains factors proportional to the time derivatives of the pumping parameters.
In analogy to the instantaneous noise, for a vanishing magnetic field, ∆ = 0, when spin and charge are independent, the full pumping noise can be expressed in terms of quantities related to the charge alone, namely the charge on the dot, c c,α , and the time derivatives of these charge-related functions.
B. Adiabatic pumping with (t) and V (t)
We will in the following use the general results obtained above in order to study the pumping current and noise in the case where (t) and V (t) are the pumping parameters. We divide the following discussion into two parts. First, we recapitulate the discussion of the average pumping current, I
(a) , that has been investigated in Refs. 25 and 26. In the second part, we discuss our new results of the pumping noise S
LR , and put it into relation with the pumping current I (a) t and the instantaneous current I (i) t .
Pumping current
The results for the dc pumping current I (a,0) for a finite interaction U = 25k B T are depicted for different parameter sets of coupling asymmetry and magnetic field in Figs. 7 and 8, (a) and (c). The figures display the case of weak pumping amplitudes, i.e., the modulation amplitudes of gate and bias are much smaller than k B T . The dashed lines in these figures represent the situation where either the |0 → |σ or |σ → |2 transition is in resonance with one of the electrochemical potentials of either the left or right lead. Due to Coulomb blockade the charge of the dot is fixed inside the diamonds formed by the dashed lines.
The first observation for the pumped charge is that there can be only a non-vanishing signal when two resonance lines cross (whenever two dashed lines meet). The reason for this is that only there, the system is effectively sensitive to two independent pumping parameters, namely to the distance between the level position and one of the electrochemical potentials, (t) ± e 2 V (t). In all other regions the system is sensitive to only one of these energy differences (namely on the dashed lines in between such two points) or not sensitive to the parameter variation at all (in the regions away from the dashed lines). In these latter cases the averaged pumped charge is identical to zero. Moreover, the dc pumping current is zero for a non-interacting quantum dot, U = 0, because in that case the charge and spin relaxation rates become constant, and consequently there is no difference in the loading and unloading process of the pumping current (as already stated in the previous Sec. IV A).
What is of interest are the features of the adiabatically pumped current at the crossing points, which depend on the magnetic field and the coupling asymmetries. Figure 7 (a) shows the pumped charge in the absence of a magnetic field, ∆ = 0, and for symmetric coupling to the leads, Γ L = Γ R . The two peaks have opposite sign, which was shown to be related to the difference in the degeneracy of neighbouring charge states: for the parameter cycle chosen here, the dc pumping current is negative, at 1 the points where the degeneracy of the ground state is increased by increasing the charge and the pumped charge is positive at the points where the degeneracy decreases by increasing the charge. Figure 7 (c) shows that a finite pumped charge is observed also at the line crossings at high bias if an additional coupling asymmetry to the left and the right lead results in an asymmetry between the loading and unloading process along the pumping cycle, Γ L = 0.7Γ.
Finally, Fig. 8 (a) and (c) depict the results for the adiabatically pumped current in the presence of a finite magnetic field, ∆ = 7.5k B T , for symmetric and asymmetric coupling to the leads. First of all, new features are observed stemming from the spin-splitting of the energy level. Of these additional features, the signals at points 3 and 4, as indicated in Fig. 8 (d) , are visible only when the tunnel coupling is asymmetric, Γ L = Γ R .
Strikingly, the signal that was observed at point (1) in the absence of a magnetic field, vanishes here. This is due to the fact that the finite magnetic field lifts the degeneracy of the singly occupied state, resulting in a constant relaxation rate and therefore in a symmetric loading and unloading in the low-bias regime. As a consequence, the pumping current can be written as a full time derivative, and its time average vanishes. To show this effect, we approximate Eq. (40) in the vicinity of point 1 for the case that point 1 is well separated from all other contributions (namely under the assumption that ∆ and U are sufficiently larger than k B T ) and find
Since the Γ α are constant in time, the dc component of I (a,0) is zero. Note however, that the prefactor directly shows that for symmetric coupling the symmetric contribution to the time-resolved pumping current, I
/2, at point 1 is zero for all times, whereas for asymmetric coupling it cancels only in the time average. This vanishing of the pumped charge due to the lifting of the degeneracy of the ground state is important as a spectroscopy tool. 25, 26 However, from the charge current alone it is impossible to distinguish whether the pumping current vanishes on average or for all times t in the low bias regime. Importantly, as we will show later, the pumping noise enables us to differentiate between exactly these two cases.
Pumping noise
The result for the pumping noise is shown in Figs. 7 and 8, (b) and (d), with the same set of parameters used for the discussion of the pumping current. In general we see that also the pumping noise occurs in the vicinity of the dashed line crossings only, since as explained above, these are the only points where the system is sensitive to two independent pumping parameters. In contrast to the pumped charge, the features of the pumping noise display a sign change, whenever the pumped charge is finite.
Furthermore, the pumped charge and pumping noise generally have the following different symmetry properties with respect to the average gate and bias voltage
that is, I (a,0) is antisymmetric and S (a,0) LR is symmetric with respect to the point reflection at the electron-hole symmetric point, ( , V ) = (−U/2, 0). These relations can be proven at the level of Eqs. (40) and (47) . 91 The same symmetry relations as in Eqs. (49) and (50) hold also for instantaneous contributions of current, I LR , respectively. The complex structure of the pumping noise can be more easily accessed when concentrating on working points close to the zero-bias region. We start by considering the most simple case of symmetric tunnel coupling Γ L = Γ R and zero magnetic field, ∆ = 0, depicted in Fig. 7 (b) . In the low bias regime the pumping noise can be approximated as
provided that U k B T . This means that in this limiting case the pumping noise can be fully related to the product of the time-resolved currents which are of relevance here, namely the pumping current and the instantaneous current. This expression containing current expectation values, which are again local in time, reflects the structure of the current-current correlations in a very simple product form. The noise thus contains information about the relative behaviour of these two time-resolved currents.
Remarkably, also for asymmetric tunnel-coupling Γ L = Γ R , this simple formula for the low-bias regime still yields a good qualitative approximation to the pumping noise. Therefore, we will now make use of Eq. (51) to understand the shape of the noise signal in detail. For this purpose we furthermore write the pumping current in terms of a response function, Λ, as introduced in Ref. 26 ,
where we used a vector notation for the two pumping parameters X T = ( (t), eV (t)) and the gradient with respect to said parameters ∇ T = ∂ , (1) c . Now, we explicitly insert the pumping current contribution into Eq. (51), where we expand in small pumping amplitudes,
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The area of one pumping cycle in parameter space is τ δA = e τ 0 dt V . We insert a third component equal to zero in ∇ for a well-defined cross product, where the third component of the latter appears here.
The first term in this equation is simply a product of time-averaged currents. Since the instantaneous current always changes sign when reversing the bias and the pumping current does not change its sign within any resonance, we can generally state that this first contribution has opposite signs for opposite bias with a node at zero bias.
The different shape of the noise signals for different tunnel couplings to the leads, see Fig. 7 (b) and (d) , thus originates from the behaviour of the second contribution. Since the gradient of the current, ∇I (i,1) , points mainly along the bias axis and the gradient of the charge, ∇ c (i,0) , is mainly directed along changes in the gate, the cross product has a constant sign for all values of and V . Hence, for a fixed pumping cycle, only the averaged response function Λ is strongly sensitive to the coupling asymmetry. It therefore governs the symmetry behavior of the pumping noise at low bias.
For symmetric coupling the response function Λ has a node at zero bias, making the second contribution of Eq. (53) of equal shape as the first. This explains the antisymmetric behavior (with respect to V ) of the pumping noise at low bias for symmetric tunnel coupling, shown in Fig. 7 (b) . However, when the tunnel coupling is strongly asymmetric, as shown in Fig. 7 (c) and (d) for Γ L = 0.7Γ and Γ R = 0.3Γ, the response function Λ does not exhibit any sign change. Therefore the antisymmetric behavior of the noise is lifted, see Fig. 7 (d) .
Concluding the discussion of the ∆ = 0 case, we consider the pumping noise signal in the high bias regime. Also at high bias, pumping noise occurs whenever the pumped charge is finite, as can be seen in Fig. 7 (d) . The approximate Eq. (51) is no longer valid in this regime, and in order to understand the detailed behavior, the full Eq. (47) has to be considered. Nonetheless, this pumping noise exhibits a similar sign change as in the low-bias regime, the orientation of which still reflects the respective sign of the time-averaged pumping current and the instantaneous current (we will describe this effect in more detail in the following ∆ = 0 case).
Strikingly, when considering a finite magnetic field, the pumping noise can persist even when the pumped charge vanishes. In this particular case the pumping noise does not exhibit a sign change. This effect can be observed in the case of asymmetric coupling in the low bias regime, see Figs. 8 (c) and (d). In order to reproduce this remarkable feature, we extend our discussion of the pumping noise in the low-bias regime to the case of a finite magnetic field, ∆ = 0. Importantly, Eq. (51) is a valid quantitative approximation for finite ∆ independently of the tunnel coupling asymmetry, given that U, ∆ k B T . Since we are here interested in a situation in which the average pumped current vanishes, the first term of Eq. (53) never contributes and the full behavior can be understood from the time-averaged response function. In the limit U, ∆ k B T and for low bias it is given bȳ
see also Eq. (48) . This response function is independent of gate and bias, which explains the missing sign change. Furthermore,Λ(∆) takes a constant value different from zero for a finite coupling asymmetry. For Γ L = Γ R , the time-resolved pumped current is different from zero, even though its average vanishes. This explains the finite contribution to Eq. (51). However, when the coupling is symmetric, the response function Λ(∆) is exactly zero and so is the pumping current at every instant of time. Therefore also the pumping noise vanishes, see Fig. 8 (b) . This shows that with the help of the pumping noise -which, as we want to stress, is itself a time averaged quantity -one can distinguish at low bias whether the pumping current is zero at all times or whether it is only its time average which vanishes.
Finally, we also remark on the high-bias pumping noise occurring in the presence of a finite magnetic field, as shown in Figs. 8 (b) and (d) . The signals, such as points 2 to 4, go along with a finite pumped charge and hence exhibit the sign change observed and discussed before. As mentioned already for the high bias noise signals in the case where ∆ = 0, the orientation of the nodes in the pumping noise reflect the respective directions of instantaneous current and pumped charge. Namely, when going away from the electron-hole symmetric point, the pumping noise changes from positive to negative (negative to positive) when pump and bias work in the opposite (same) direction. This fact also manifests in the symmetry relations, Eqs. (49) and (50), derived earlier.
V. CONCLUSION
In this paper, we developed a formalism for the calculation of the zero-frequency pumping noise in the adiabatic driving regime in the presence of strong Coulomb interaction and a non-equilibrium due to an arbitrary externally applied bias voltage. We found analytic expressions for the pumping noise containing expectation values of the dot occupation and the current, which are local in time. This allows us to individuate contributions originating from thermal noise, shot noise and pumping noise.
In a first step we applied the developed formalism to the case of pure pumping, in absence of an external bias voltage, up to second order in the tunnel coupling Γ. In zeroth order in the driving frequency, the zero-frequency noise fulfills a time-averaged version of the fluctuationdissipation theorem. We find that for the correction in first order in the driving frequency, the fluctuationdissipation theorem breaks down, uniquely due to the nonvanishing Coulomb interaction. This is true already in first order in the tunnel coupling Γ. We study the characteristic properties of the pumping noise based on an analysis of the adiabatic correction of the Fano factor. We find that it exhibits information about the coupling asymmetry to the leads and has a distinct feature, i.e., a step with a sign change, at the electron-hole symmetric point. Interestingly, the adiabatic correction of the Fano factor is insensitive to the specific choice of pumping parameters.
In the second part of this manuscript we addressed the pumping noise in the presence of a finite -possibly large -bias, and eventually including a magnetic field. We computed an explicit analytical expression for the pumping noise valid for arbitrary bias and magnetic field strength, as well as an arbitrary choice of time-dependent parameters. Based on these we were able to show how the charge dynamics, and (in the case of a finite magnetic field) their interplay with spin dynamics, appear in the noise. In the specific case of pumping with gate and bias voltage as time-dependent parameters in particular in presence of a magnetic field, we find that there can be pumping noise in the absence of pumped charge. The appearance of this additional noise signal can be used to identify whether the time-resolved pumping current vanishes or whether it averages out after one period. More generally the pumping noise reveals the respective direction of pumping current and the current induced by a bias.
where, as before, the Laplace transform is defined as A(t, z) = t −∞ dt e z(t −t) A(t, t ) and analogously for B.
The operator ∂ A z is the derivative with respect to z acting on A and ∂ B t the time derivative of B, respectively. From the first to second line in Eq. (A1) we swapped the integral limits, and from the second to third line, we performed a Taylor expansion of B around time t, i.e.,
. The adiabatic approximation takes into account only terms up to first order in Ω, ergo only first-order derivatives of ∂ t are considered. Thus, as long as
If each of the objects has an adiabatic expansion of its own A (t, z) ≈ A (i) (t, z) + A (a) (t, z), a consistent expansion of the convolution can be given as follows. The instantaneous part (zeroth order in Ω) is
and the adiabatic correction (first order in Ω) can be evaluated as
Eventually, for all expressions we encounter, the relevant limit is z → 0 + . Nonetheless, we keep z finite at this stage, because we will in some cases need to deal with derivatives with respect to the Laplace variable z.
Kinetic equation
In Ref. 57 this way of writing a general convolution in time space was also used for a handy formulation of the adiabatic expansion of the kinetic equation. In this case the starting point is the equation
This expansion is readily identified as the formal series
and can serve as the starting point for a frequency expansion of the kinetic equation in arbitrary order. This equation is similar to Eq. (A1) except for the fact that P (t ) is a function of a single time and, therefore, its Laplace transform does not occur in the final result, Eq. (A6). As pointed out in Ref. 57 , this can however be treated in complete analogy, when artificially introducing the twotime function P (t 1 , t ) = P (t 1 )δ(t 1 − t − 0 + ) and writing the kinetic equation as
= lim Here the Laplace transform of P (t 1 , t ) is easily found to be
In the following we treat functions of a single time when occurring in the previously introduced brackets in this way, such that
Appendix B: Adiabatic expansion of the zero-frequency noise
Here we want to evaluate the adiabatic correction to all terms that contribute to the noise. The instantaneous contribution corresponds to the results obtained in Ref. 69 and 76 , where in our case all parameters depend parametrically on time. Here we concentrate on the contributions due to the adiabatic corrections. In order to be able to refer to the noise contributions in Eq. (10) in a simple fashion let us name them
where both S C1 αβ and S
C2
αβ stem from the term containing the product of current expectation values. To obtain the two contributions, we simply split the middle time integral within the interval [t 0 , t] into one from t 0 to t 1 and one from t 0 to t. This separation is used because S C1 αβ is of the same structure as S B αβ , and can be treated on the same footing. Then we make use of the fact that for |t 1 − t 0 | → ∞, the propagator takes the form Π (t 1 , t 0 ) = P (t 1 ) ⊗ e T . This replacement we do in both S C1 αβ (t) and S C2 αβ (t). The adiabatic expansion of the first term S A αβ is done in a straightforward manner, by performing the expansion as in Eq. (A4). Note that in the end, the adiabatic expansion is directly analogous to the one of the kinetic equation, see Eq. (12)
The term S C1 αβ can be combined with the term S B αβ , introducing the object Π (t, t ) = Π (t, t ) − P (t) ⊗ e T , see Eq. (18) . The two terms that are combined here are depicted in Figs. 2 (b) and (d) and contain all those terms in which the times at which the two currents are taken do not lie within the same non-irreducible part of the contour. We discuss the properties of the resulting object Π (t, t ) in more detail in Appendix D. The outcome of this combination is a convolution of four objects. Thus, it can be handled analogously to the term S A αβ . We perform its adiabatic expansion as
With the help of the rules for the evaluation of the brackets we can successively evaluate all contributing objects. The adiabatic expansion of the remaining term, S C2 αβ (t), can be treated in an analogous way only after some transformations. By exchanging the first two of the time integrals in Eq. (B4) and setting t 0 → −∞, we write
We identify in the second line of this equation the expression for the current I β (t 2 ). Furthermore, we define In order to find a relation to explicitly calculate ⇧, we make a convolution with the kernel W from the left-hand side, resulting in W ⇧ (t, z) = (W ⇧) (t, z) (W P ) (t, z) (D2)
The convolutions in the above Eq. (D2) are evaluated according to Eq. (A1). Since W has no inverse, we need an additional condition to fully determine ⇧, which is e T ⇧ = 0. To evaluate the convolution of the kernel W and the propagator ⇧, we have to make use of the Dyson equation, relating propagator and kernel ⇧ (t, t 0 ) = 1 + Z t t 0 dt 1
where W takes the role of a self-energy. We then transform Eq. (D3) to Laplace space and obtain
where the last term can again be evaluated according to Eq. (A1). Equations (D2) and (D4) form the full set of equations we need in the following to derive the relations that determine the di↵erent contributions of ⇧.
Instantaneous contributions
Having all ingredients in Laplace space at hand we can derive the instantaneous ⇧ quite easily. We take the instantan vanish a tives ca well as t taneous ⌦). By energy E χ (t) to each element of the Keldysh contour connecting two vertices. Additionally, draw an external line from the upper leftmost to the upper rightmost corner of the diagram, carrying an external frequency −iz. 
Current formula electron operators (due to internal, namely tunneling, vertices) on the backward Keldysh contour, and c is the number of crossings of tunneling lines.
6. Sum over all diagrams that contribute to the same kernel element.
Next, we want to give the additional rules for the blocks containing one or two current operators, W This direct relation arises due to the fact that the current operator, defined asÎ α = ei kσ γ α (t)d † σ c αkσ − h.c. is of analogous structure as the tunneling part of the Hamiltonian, see Eq. (5), which gives rise to the tunneling vertices in W . The replacement of a tunnel vertex by a current operator (external vertex) results in factors ±1 with respect to rule 5, depending on the position ofÎ α on the contour. Furthermore, an additional sign occurs depending on whether a tunneling line is incoming or outgoing, due to the shape of the current operator.
In Fig. 10 (left-hand side), we draw a graphic representation of W Iα . The states as shown at the borders of the kernel at times t or t are equal, since, as mentioned above, only diagonal elements of P are of interest. The current operator sits at the turning point of the Keldysh contour at time t. In principle, the Keldysh contour could be continued until any later time > t without changing the expectation value. Here, we choose the shortest representation. In order to directly relate W Iα with the kernel W , we cut the contour at the turning point, giving the equivalent choices to placeÎ α either on the upper or lower part of the contour (see right-hand side of Fig. 10 ). Since both of them are equal, there is a correction factor of 1/2 added in Eq. (9) . The same procedure is done for the noise auxiliary function in Eq. (10), hence also there appears an additional factor of 1/2.
The resulting additional rules are set thus that all possible replacements are taken into account, i.e., the current operator has no fixed position within the diagrams. This is possible also for the current operators that are originally fixed at time t (see Figs. 10 and 2 ), because we take the trace e T on all objects W Iα , W IαI β with a fixed current operator. This trace cancels all contributions where the external vertex due toÎ α is not the first vertex in the diagrams, enabling us to neglect the position ofÎ α . The rules are:
7. Assign a factor +1 for each external vertex on the upper (lower) branch of the Keldysh contour which describes tunneling of an electron into (out of) lead α, and −1 in the other two cases.
8. Sum up all the diagrams, taking into account the above introduced factors ±1 for each possibility to replace one (two for W IαI β ) tunneling vertices by current vertices. For two external vertices, multiply with a factor 1/2.
Finally we give the rules for the corrections of the diagrams in first order in the driving frequency Ω. In the model considered here, there is no need to differ between adiabatic corrections of the kernel W and of the objects W Iα as well as W IαI β . We do in contrast separate the two cases of adiabatic corrections due to a timedependent tunnel coupling and due to a time-depedent energy level.
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The additional rules for adiabatic corrections W (a) due to the time dependence of Γ are:
9. Add to all diagrams needed for W (i) (above) additional external frequency lines between any vertex t i and the right corner of the diagram, and assign to them the energy −iz i .
10
. Follow the rules (1) to (6) taking into account the extra lines.
11. Perform a first derivative with respect to z i and multiply by a factor of 1 2Γ α (t) /Γ α (t). Sum all the contributions obtained in this way.
The following are the additional rules for adiabatic corrections W (a) due to the time dependence of .
12. In addition to the external frequency lines added according to rule (9) , put one more external frequency line from the left corner of the diagram with no vertex to the right corner.
13. Follow the rules (1) to (6) taking into account the extra lines.
14. Perform a second derivative with respect to z i and multiply by − Ė χ (t) −Ė χ (t) , where χ (χ ) is the dot state entering (leaving) the vertex of the external frequency line at t i with respect to the Keldysh contour. The termĖ χ (t) (Ė χ (t)) is omitted if the segment associated with E χ (t) (E χ (t)) does not belong to the diagram. Sum all the contributions obtained in this way.
For the purposes of this publication, currents and current noise were calculated in the sequential tunneling regime and in the next order in an expansion in Γ. In the sequential tunneling regime, no adiabatic corrections to the kernels contribute. Therefore in the present paper no adiabatic correction rules for a time-dependent bias voltage V are needed. The rules for such a general case can be found, e.g., in Ref. 57 . For the next-order calculation, it is furthermore enough to consider adiabatic corrections of diagrams up to first order in Γ. In this case, it is possible to formulate a simplification for the adiabatic correction in lowest order in the tunnel coupling, by relating it to the instantaneous kernel. Hence we can write down an additional simplified rule:
15. For the lowest-order term in Γ simply compute W Note that this does not hold in general. 
